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In d-dimensional systems with purely linear dispersion, the Ruderman-Kittel-Kasuya-Yosida (RKKY) in-
teraction typically follows an isotropic decaying law Jiso ∝ sin (2kFR) /Rd (1/Rd+ζ) in doped (undoped) case,
where |ω|ζ denotes the density of states (DOS). However, this law is not valid in semi-Dirac semimetal (S-
DSM), which is noted for its anisotropic dispersion, i.e., linear in certain axes but parabolic in the orthogonal
axes. By exploring the magnetic interaction in 2-dimensional (2D) S-DSM and two types of 3D S-DSMs, new
laws are derived for the direction-dependent RKKY interaction. Compared to Jiso, the interaction here decays
much more slowly with the impurity distance R as impurities are deposited on the relativistic axis, while a faster
decaying law is exhibited with impurities deposited on the non-relativistic axis. The former is induced by the
prolonged decaying rate of the carrier propagator and the modified DOS with smaller power ζ, while the latter
is caused by the modification to the energy of the carrier propagator. The both are attributed to the anisotropy
of the semi-Dirac dispersion. We have further discussed the case with spin-momentum locking. Some phenom-
ena (not exist in DSMs) are highlighted, including the strong magnetic anisotropy with XYZ spin model, and
the creation (annihilation) of Dzyaloshinskii-Moriya (DM) terms with impurities deposited on the relativistic
(non-relativistic) axis. Our work provides an alternative option to identify the anisotropic nature of semi-Dirac
dispersion by measuring the RKKY interaction.
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I. INTRODUCTION
Recently, semi-Dirac semimetals (S-DSMs) have attracted
more and more attention in condensed matter physics due to
their highly anisotropic electronic structure, as well as the po-
tential applications in transport and optical researches. Dif-
ferent with the purely linear dispersions around the Dirac
points of graphene, the low-energy model of two-dimensional
(2D) S-DSM exhibits a linear dispersion in one direc-
tion but disperses quadratically in the orthogonal direction,
which allows the coexistence of massless and massive Dirac
fermions. To realize semi-Dirac dispersions, various ap-
proaches have been proposed, e.g., the quantum confinement
effect1–3, applying strains4–11 or external (electric/magnetic)
fields12–14, doping atoms to break the lattice symmetry15,
etc. Up to the present, a variety of candidates for S-
DSMs have been theoretically predicted, including multi-
layer (TiO2)m/(VO2)n nanostructures1–3, deformed graphene4
or black phosphorus5–9,12, the organic salt BEDT-TTF2I3 un-
der pressure10,11, the honeycomb (or square) lattice in mag-
netic field13,14, Silicene oxide15, simulated optic lattices with
cold atoms16. Most remarkably, the semi-Dirac dispersion has
already been verified experimentally in a tunable honeycomb
lattice simulated by the ultracold gases17.
The theoretical predictions and experimental verifications
of S-DSMs have aroused widespread concern for exploring
their physical properties. For example, peculiar Landau-level
spectrums13,14, Bloch-Zener oscillations18, anisotropic Klein
tunneling19, Anderson localization20, Floquet dynamics21,
non-Fermi liquid behaviors22–24, the anisotropic transport
properties25,26, valley-selective Landau-Zener oscillations27,
topological transitions induced by disorders28, nonsaturating
large magnetoresistance29, optical properties30–32, quantum
thermoelectrics33. Through these valuable literatures, the im-
portance of semi-Dirac dispersion is highlighted in the fields
of preparing electronic and optical devices. However, the
magnetic properties, especially the magnetization induced by
doping magnetic impurities, with respect to S-DSMs have re-
ceived less attention.
In previous researches about the magnetic properties of ma-
terials, the carrier-mediated Ruderman-Kittel-Kasuya-Yosida
(RKKY) interaction between magnetic impurities has at-
tracted our attention due to its potential application for real-
izing the magnetization in non-magnetic materials. A typi-
cal example is the realization of quantized anomalous Hall
effect in topological insulators34,35. Moreover, one can modu-
late the ferromagnetic-antiferromagnetic transition by chang-
ing the doping impurity concentration36. Besides, the RKKY
interaction have also been proven to characterize the in-
trinsic properties of materials, e.g., sensitivity to the band
topology37, the symmetry of the system38, the effect of the
Rashba splitting39, etc. Over the past decades, the RKKY in-
teraction has been extensively studied in a variety of materi-
als, e.g., graphene40–44, silicene45, edge/surface bands of topo-
logical materials35,37,46–49, DSMs/WSMs38,50,51 and so on. In
these materials, the RKKY interaction typically falls off with
the impurity distance R as 1/Rd+ζ [sin (2kFR) /Rd] at zero (fi-
nite) Fermi energy, where ζ denotes the exponent of the DOS,
d is the dimensionality and kF for the Fermi wave number.
This decaying law has wide applicability to isotropic systems
with purely linear dispersion. However, it is found to be failed
to characterize the RKKY interaction of semi-Dirac disper-
sion, which is linear in one axis but parabolic in the orthogonal
2axis. The strong anisotropy of semi-Dirac dispersion would
significantly modifies the decaying law of the RKKY interac-
tion proposed previously.
Motivated by this, we theoretically investigate the RKKY
interaction in 2D S-DSM and two types of 3D S-DSMs. It is
found that the decaying and oscillating behavior of the RKKY
interaction is highly anisotropic. In contrast to the isotropic
RKKY interaction of DSMs, the interaction here decays much
more slowly with R as impurities are deposited on the rela-
tivistic axis, while a faster decaying law is exhibited if impu-
rities are placed in the non-relativistic axis. By analyzing the
spin average induced by the response to the spin precession at
the position of magnetic impurity, we derive a general law to
describe the relation between RKKY interaction and the DOS
as well as the dimensionality of the system. Moreover, we fur-
ther discuss the case with spin-momentum locking. The effect
of semi-Dirac dispersion on the Dzyaloshinskii-Moriya (DM)
term and the spin model is also analyzed.
The paper is organized as follows. In Sec. II, we predict
the RKKY behavior of S-DSM by analyzing the modulation
of the spin density. In Sec. III, the low-energy models of S-
DSMs are introduced, and the method to calculate the RKKY
interaction is also presented, along with the calculation of the
DOS. In Sec. IV, the general form of the direction-dependent
RKKY interaction of S-DSMs is derived. Additionally, we
have further explored the anisotropic RKKY components, as
well as the DM terms, in presence of spin-momentum locking.
Finally, a short summary is given.
II. PREDICTION OF RKKY BEHAVIOR IN S-DSM
Before investigating the RKKY interaction of anisotropic
systems with linear and non-linear dispersions in different
axes, we would review the case of isotropic systems. Con-
sidering systems with purely linear dispersion, the resulting
RKKY interaction at zero Fermi energy usually decays with
the impurity distance R as
Jiso (uF = 0) ∝
1
Rd+ζ
, (1)
where |ω|ζ describes the DOS and d is the dimensionality.
Once finite Fermi energy uF is considered, Jiso would be mod-
ified, including: (1) the decaying rate is prolonged as 1/Rd;
(2) an spatial oscillation sin (2uFR/v) is generated. As a re-
sult, Jiso (uF , 0) is given by
Jiso (uF , 0) ∝
u
ζ
F
Rd
sin
(
2uFR
v
)
, (2)
where v is the Fermi velocity. The above laws have
wide applicability to isotropic systems, as previously re-
ported in low energy models of graphene40–44, silicene45,
DSMs/WSMs38,50,51.
To understand the physical mechanisms, H. Lee et al.
have stated a semiclassical derivation52, which interprets the
RKKY interaction as an interference of the electrons’ wave
function scattered by the magnetic impurity. Consequently,
this interference generates a charge modulation, which could
predict the RKKY behavior. As electrons complete a round
trip from the site r1 to the position r2 of the impurity, the
resulting charge modulation N (R, uF) (R = r2 − r1) can be
calculated as
N (R, uF) =
∫ uF
−∞
δN (R, ω) dω
∝
∫ uF
−∞
[
Λ2 (R) |ω|ζei2ωt + c.c.
]
dω
(3)
where Λ (R) = 1/R(d−1)/2 denotes the decaying rate of the
wave, and ei2ωt is the phase factor with t = R/v. At zero
Fermi energy, N (R, uF = 0) can be written as
N (R, uF = 0) ∝
∫ 0
−∞
[
1
Rd−1
|ω|ζei2ωR/v + c.c.
]
dω. (4)
Note that, ω and R are tightly coupled together in the phase
factor ei2ωR/v. Thus, one can apply an parameter transforma-
tion ωR = x to simplify the above equation as
N (R, uF = 0) ∝
1
Rd+ζ
∫ 0
−∞
[
|x|ζei2x/v + c.c.
]
dx,
∝ 1
Rd+ζ
.
(5)
Since the integral in the first line of Eq. (5) is R-independent,
we would naturally obtain the result N (R, uF = 0) ∝ 1/Rd+ζ,
which could explain the RKKY interaction in Eq. (1). By
simply removing the effect of the DOS |ω|ζ , i.e., 1/Rζ is elim-
inated by the finite uF , one can obtain N (R, uF , 0), which is
completely the same as that of Eq. (2).
Since Λ (R) (ei2ωt) of Eq. (3) is θR-independent [tan (θR) =
Ry/Rx], the above argument is only valid in isotropic system.
To explain the RKKY interaction of anisotropic systems with
linear and non-linear dispersions in different axes, one have
to calculate the modulation of the spin density53 δD (R, ω),
which has a much wider applicability than δN (R, ω) [Eq. (3)]
and can cover the result of δN (R, ω) in isotropic systems. The
underlying physics of δD (R, ω) describes the spin disturbance
of site r1, which is the response to the spin precession of the
magnetic impurity at site r2 . Considering the weak coupling
−λS2 ·s2 between magnetic impurity (S2) and electron (s2) and
utilizing the T-matrix technique, δD (R, ω) can be obtained as
δD (R, ω) = −1
pi
ImTr [G (R, ω)G (−R, ω)] , (6)
where G (R, ω) =
∫
d2k (ω + i0+ − H0)−1 eikR is the retarded
Green’s function of real-space and H0 is the system Hamilto-
nian.
Take 2D S-DSM as an example, the related Hamiltonian is
H2D = vlkyτz + vpk
2
xτx (τi is the matrix of pseudospin), whose
dispersion is linear in one axis but parabolic in the orthogo-
nal axis. Due to the anisotropic dispersion, the RKKY inter-
action is highly direction-dependent, which can be predicted
by δD (R, ω). The numerical results of δD (R, ω) for S-DSM
3FIG. 1: (Color online) The direction-dependent δD (R, ω) for S-
DSM (solid line) and DSM (dashed line). tan (θR) = Ry/Rx with
R = 100Å, ω = 0.01eV, vl = 1eVÅ−1 and vp = 1eVÅ−2.
and DSM (vlkyτz + vlkxτx) are shown in Fig. 1. To remove
the anisotropy induced by the Fermi velocity, we simply set
vl = 1eVÅ−1 and vp = 1eVÅ−2. Obviously, δD (R, ω) of
DSM is θR-independent, which results in the isotropic RKKY
interaction [Eqs. (1-2)]. In contrast, δD (R, ω) of S-DSM is
highly anisotropic, which could potentially induce a direct-
dependent decaying (or oscillating) behavior for the RKKY
interaction.
III. MODEL AND METHOD
In this section, we would introduce several different models
of S-DSMs, as well as the method to explore the RKKY inter-
action. The DOS of S-DSMs would also be calculated since
it correlates closely to the decaying behavior of the RKKY
interaction.
A minimal model of 2D S-DSM can be extracted from
(TiO2)5 / (VO2)3 multilayer system1–3, whose low-energy
Hamiltonian reads as,
H2D = vlkyτz + vpk
2
xτx, (7)
where τi=x,y,z refer to the Pauli matrices in the space of two or-
bits {A, B}. By diagonalizing the Hamiltonian H2D, the energy
dispersion can be solved as,
E2D = ±
√
v2
l
k2y + v
2
pk
4
x, (8)
where the dispersion is highly anisotropic, i.e., linear in ky-
axis but parabolic in kx-axis. This peculiar dispersion al-
lows the coexistence of massless and massive fermions in the
momentum space, which significantly distinguishes S-DSMs
from other isotropic systems.
In contrast to the single type of 2D S-DSM, there exist two
different types of 3D S-DSMs, whose low-energy models can
be described as,
HI3D = vp
(
k2x + k
2
y
)
τz + vlkzτy,
HII3D = vpk
2
xτz − vl
(
kyτx − kzτy
)
,
(9)
with the solved energy dispersions,
EI3D = ±
√
v2p
(
k2x + k
2
y
)2
+ v2
l
k2z ,
EII3D = ±
√
v2pk
4
x + v
2
l
(
k2y + k
2
z
)
.
(10)
HI3D (H
II
3D) is the first (second) type of 3D S-DSM whose dis-
persion is linear (parabolic) in one axis but parabolic (linear)
in two orthogonal axes.
The above two types of 3D S-DSMs can be obtained by
applying linearly polarized light in nodal-line semimetals
(NLSMs) and Weyl semimetals (WSMs). For example, one
can consider a low-energy model of NLSM54 as,
H0NLS M = vp(k
2
x + k
2
y − k20)τz + vlkzτy, (11)
where k0 denotes the radius of the nodal ring. After intro-
ducing a beam of linearly polarized light of frequency ω, a
vector potential A = A(1, 0, 0)cos (ωt) with period T = 2pi/ω
is generated. By applying the Peierls substitution ~k→~k +
eA, the system Hamiltonian becomes time-dependent. Us-
ing the Floquet theory55–57 with the off-resonant condition of
A2/ω ≫ 1, the modified part of the Hamiltonian induced
by light reads as V0 +
∑
n≥1 [V+n,V−n] /~ω + O
(
1/ω2
)
with
Vn =
1
T
∫ T
0
H(t)e−in~ωt, and the effective Hamiltonian can be
written as
H′NLS M = H
0
NLS M +
vpe
2A2
2
τz, (12)
where the term related to A refers to the photoinduced modi-
fication. By setting proper amplitude A of the vector potential
with e2A2/2 = k20, the nodal ring can be shrunk into a point,
i.e., the NLSM is changed to be the first type of 3D S-DSM
[Eq. (9)]. Similarly, the second type of 3D S-DSM can also
be obtained when the Weyl partners of WSM are merged by
the linearly polarized light.
Two impurities are assumed to be embedded in the material,
located at sites r1 and r2 respectively. Considering the spin ex-
change interaction Hint between impurities and host electrons,
the perturbed system can be described as
H = H0 + Hint = H0 + λ
∑
i=1,2
Si · si, (13)
where H0 is the Hamiltonian without any perturbation, Si (si)
is the spin of impurity (electron) at sit i, and λ refers to the
strength of coupling between Si and si. Mediated by the itin-
erant electrons, an indirect exchange interaction between two
impurities, i.e., Ruderman-Kittel-Kasuya-Yosida (RKKY) in-
teraction, is generated. Considering the weak coupling λ be-
tween impurities and electrons, Hint can be regarded as a per-
turbation. Using the standard perturbation theory58–61 and re-
taining λ to the second order term, the RKKY interaction at
zero temperature can be can be simplified into the following
4form,
HRKKY = −
λ2
pi
Im
∫ uF
−∞
Tr[(S1 · σ)G (R, ω)
× (S2 · σ)G (−R, ω)]dω,
(14)
whereG (±R, ω) is the retardedGreen’s function of real space,
uF is the Fermi energy and σ = (σx, σy, σz) refer to the Pauli
matrices of the spin degrees of freedom.
Before evaluating the RKKY interaction,G (±R, ω) have to
be derived. In the representation of H0, the retarded Green’s
function can be expressed as
G (±R, ω) = 1
(2pi)d
∫
ddk [ω+ − H0 (k)]−1 e±ikR, (15)
whereω+ = ω+ i0+, d is the dimensionality and |R| = |r2− r1|
measures the relative distance between impurities. Plugging
the Hamiltonians of Eqs. (7) and (9) into Eq. (15), the analyt-
ical results ofG (±R, ω) for different S-DSMs can be obtained
after some algebraic calculations. Considering the lengthy
and complicated expressions of G (±R, ω), the explicit results
(as well as derivation processes) are given in the supplemen-
tal material62. Here, we only show the formal solutions of
G (±R, ω),
Gl,2D (±R, ω) = L 1
4
τ0 ± L 3
4
τz + Lxτx,
GIl,3D (±R, ω) = LI,0τ0 + LI,zτz ± LI,yτy,
GIIl,3D (±R, ω) = LII,0τ0 + LII,zτz ± LII,xyτ‖ · e‖,
Gp,2D (±R, ω) = P0τ0 + Pxτx,
GIp,3D (±R, ω) = PI,0τ0 + PI,zτz,
GIIp,3D (±R, ω) = PII,0τ0 + PII,zτz,
(16)
where τ‖ = (τx, τy), e‖ =
[
cos
(
θ‖
)
,−sin (θ‖)] with tan (θ‖) =
Rz/Ry. The subscript l (p) in Eq. (16) refers to the case with
impurities deposited on the relativistic (non-relativistic) axis.
On the other hand, in order to explore the relation of the
RKKY interaction and the DOS, one have to calculate the
DOS for different S-DSMs. Utilizing the Hamiltonian in Eqs.
(7) and (9), the DOS can be written as
ρ (ω) = −1
pi
Im Tr
∑
k
[ω+ − H (k)]−1 . (17)
After some algebraic calculations, the DOS can be easily
solved as,
ρ2D (ω) ∝ |ω|
1
2 ,
ρI,3D (ω) ∝ |ω|,
ρII,3D (ω) ∝ |ω|
3
2 .
(18)
Compared to the case of Dirac systems (i.e., ρ ∝ |ω| and |ω|2
for 2D and 3D materials), the exponent of the DOS here is
highly decreased by the anisotropy of the semi-Dirac disper-
sion. In return, the decreased power of the DOS provides a
possibility to modify the decaying rate of the RKKY interac-
tion.
IV. RESULTS AND DISCUSSION
A. RKKY interaction in S-DSMs without spin-momentum
locking
Since the Hamiltonians of Eqs. (7) and (9) are expressed
in the orbital space, one can only obtain the Heisenberg-type
RKKY interaction after applying a trace over the Pauli ma-
trices of the spin degrees of freedom in Eq. (14). We only
show the simplified RKKY interactions in Table I, where the
coefficients unrelated to R and uF are omitted (see detail ex-
pressions in the supplemental material62).
At zero Fermi energy, the decay of the RKKY interaction
in all S-DSMs is highly anisotropic. As shown in Table I,
the interactions decay slowly as Jl,2D ∝ R−2, JIl,3D ∝ R−3 and
JII
l,3D ∝ R−4 with impurities deposited on the relativistic axis,
while a faster decaying behavior (Jp,2D ∝ R−4, JIp,3D ∝ R−6,
JII
p,3D ∝ R−8) is exhibited when impurities are placed on
the non-relativistic axis. Obviously, the interaction here vi-
olates the decaying law of Eq. (1), where the RKKY in-
teraction is isotropic and falls off as R−3 (R−5) for 2D (3D)
system35,37,38,40–51. For finite Fermi energy, the decay of the
RKKY interactions would usually be prolonged (except Jl,2D
for 2D S-DSM), and they still remain the anisotropic nature,
along with the anisotropic oscillations (Table I), significantly
different from the isotropic case of Eq. (2). The anisotropic
RKKY behavior of S-DSMs is induced by the anisotropy
of the semi-Dirac dispersion, i.e., linear (parabolic) in one
axis but parabolic (linear) in other orthogonal axes. This pe-
culiar phenomenon provides us a way to identify the semi-
Dirac dispersion by measurement of RKKY interaction using
spin scanning tunneling microscope63,64, distinguished from
other methods proposed previously, e.g., anisotropic trans-
port properties25,26, orientation-dependent differential con-
ductances in semi-Dirac p-n junctions27, direction-dependent
optical conductivity30,31, etc.
To derive the relation between the RKKY interaction of S-
DSMs and the DOS |ω|ζ as well as the system dimensionality
d, one can explore the spin average D(R, uF), which describes
the total modulation of the spin density [Eq. (6)] contributed
by the occupied states from the Fermi sea to the Fermi surface,
i.e.,
D(R, uF) = −
1
pi
ImTr
∫ uF
−∞
[G (R, ω)G (−R, ω)] dω. (19)
The above formula is similar to the case of the RKKY interac-
tion [Eq. (14)] and can be used to derive a general law to cover
the results of Table I. To facilitate the analysis, one would con-
sider the long-range asymptotic behavior of the Green’s func-
tion G(R, ω), where the asymptotic form of the Bessel func-
tion Kn(x) ≈
√
pi/2xe−x is applied in the condition of x ≫ 1.
For impurities deposited on the relativistic axis, the long-
range asymptotic behavior of the Green’s function Gαβ
l
(R, ω)
is given by [see Eqs. (20), (30) and (40) of supplemental
5TABLE I: A breakdown of the results on the decaying rate of the RKKY interaction J in S-DMSs and DSMs in the absence of spin-momentum
locking. The subscript l (p) denotes the case with impurities deposited on the relativistic (non-relativistic) axis, and the superscript I (II) refers
to the first (second) type of 3D S-DSMs.
uF
J System
H2D H
DS M
2D H
I
3D H
II
3D H
DS M
3D
uF = 0
Jl ∝ R−2
R−3
JI
l
∝ R−3 JII
l
∝ R−4
R−5
Jp ∝ R−4 JIp ∝ R−6 JIIp ∝ R−8
uF , 0
Jl ∝ R−5/2u−1/2F sin
(
2uF R
vl
)
R−2uFsin
(
2uF R
v
) JIl ∝ R−2uFsin
(
2uF R
vl
)
JII
l
∝ R−5/2u3/2
F
sin
(
2uF R
vl
)
R−3u2
F
sin
(
2uF R
v
)
Jp ∝ R−2uFsin
(
2R
√
uF√
vp
)
JIp ∝ R−3u3/2F sin
(
2R
√
uF√
vp
)
JIIp ∝ R−3u5/2F sin
(
2uF R
vl
)
material62],
G
αβ
l
(±R, ω) ∝ 1
R(d−1)/2
1
R−s/4
ωζ/2e
iω R
vl , (20)
where α, β = A, B denote the orbits, and s refers to the number
of crystal axes of parabolic dispersion, e.g., s = 2 (1) for the
first (second) type of 3D S-DSM. Plugging the above Green’s
function into Eq. (19) and summing over the indices for the
spin and orbital degree of freedoms, one can obtain the ana-
lytical results of Dl(R, uF = 0),
Dl(R, uF = 0) ∝ Im
∫ 0
−∞
1
R−s/2
1
Rd−1
ωζei2Rω/vldω,
∝ 1
Rd+ζ−s/2
Im
∫ 0
−∞
xζei2x/vldx,
∝ 1
Rd+ζ−s/2
.
(21)
where x = Rω. Note that, the form of D(R, uF = 0) is sim-
ilar to that of N(R, uF = 0) [Eq. (4)] except the modified
term 1/R−s/2 (s = 1 or 2), which could prolong the decay of
Dl(R, uF = 0). The above result could explain the RKKY
behavior shown in Table I, i.e., Jl ∝ 1/Rd+ζ−s/2, which de-
cays much more slowly than the interaction J ∝ 1/Rd+ζ of
isotropic systems35,37,38,40–51 [Eq. (1)]. The underlying mech-
anism stems from two aspects: (1) the term 1/R−s/2 prolongs
the decay of the RKKY interaction, which stems from the
modification to the decay of the carrier propagator [Green’s
function in Eq. (20)]; (2) the decreased exponent ζ of the DOS
would also slow down the decay of the RKKY interaction. For
example, the DOS of 2D S-DSM follows ρ2D ∝ |ω|1/2 with a
small power ζ = 1/2, in contrast to the large power ζ = 1 of
2D DSMs. As a whole, the modified carrier propagator and
the decreased ζ are attributed to the anisotropic semi-Dirac
dispersion.
For impurities deposited on the non-relativistic axis, the
long-range asymptotic behavior of the Green’s function
G
αβ
p (R, ω) is given by [see Eqs. (20), (30) and (40) of sup-
plemental material62],
G
αβ
p (±R, ω) ∝
1
R(d−1)/2
ωζ/2ω(d−s−1)/4ei
√
ωR/
√
vp , (22)
Plugging the above equation into Eq. (19), the resulting spin
average Dp (R, uF = 0) can be rewritten as
Dp(R, uF = 0) ∝ Im
∫ 0
−∞
1
Rd−1
ωζω(d−s−1)/2ei2
√
ωR/
√
vp dω.(23)
In contrast to the case of Dl(R, uF) [Eq. (21)], the modified
term ω(d−s−1)/2 is related to energy ω, while the spatial decay-
ing term 1/Rd−1 is completely the same as that of isotropic
systems [Eq. (4)]. Note that, R is tightly coupled with
√
ω.
After a parameter transformation
√
ωR = x′, Dp(R, uF = 0)
can be solved as,
Dp(R, uF = 0) ∝
1
R2(d+ζ−s/2)
Im
∫ 0
−∞
x′2ζ+d−sei2x
′/√vp dx′,
∝ 1
R2(d+ζ−s/2)
=
1
Rd+ζ
1
Rd+ζ−s
,
(24)
which could explain the RKKY interaction shown in Table I,
i.e., Jp ∝ 1/R2(d+ζ−s/2). Different with Jl, the modified term
1/Rd+ζ−s (d+ζ > s) accelerates the decay of Jp, which decays
much more fast than the interaction Jiso ∝ 1/Rd+ζ of isotropic
systems35,37,38,40–51 [Eq. (1)]. The term 1/Rd+ζ−s in Eq. (24)
is induced by the modification to the energy ω of the carrier
propagator [Green’s function in Eq. (22)], which is a reflec-
tion of the anisotropy of the semi-Dirac dispersion.
Since the spin average is mainly conducted by the electron
states near the Fermi energy, one can obtain the spin average
D(R, uF , 0) of finite Fermi energy by simply substituting
the integral over ω with ω = uF , i.e., x = RuF in Eq. (21) and
6TABLE II: A breakdown of the results on the RKKY components of S-DMSs and DSMs in presence of spin-momentum locking. The subscript
l (p) refers to the case with impurities deposited on the relativistic (non-relativistic) axis.
RKKY
System
H2D H
DS M
2D H
I
3D H
II
3D H
DS M
3D
spin model
Jx
l
, J
y
l
, Jz
l
(XYZ)
XXY
Jx
l
, J
y
l
, Jz
l
(XYZ) Jx
l
, J
y
l
, Jz
l
(XYZ)
XXY
J
y
p = J
z
p , J
x
p (XXY) J
x
p = J
y
p , J
z
p (XXY) J
x
p = J
y
p , J
z
p (XXY)
DM term
JDM
l
, 0
JDM , 0
JDM
l
, 0 JDM
l
, 0
JDM , 0
JDMp = 0 J
DM
p = 0 J
DM
p = 0
x′ = R
√
uF in Eq. (24). As a result, D(R, uF , 0) reads as
Dl (R, uF , 0) ∝
u
ζ
F
Rd−s/2
sin
(
2RuF
vl
)
,
Dp (R, uF , 0) ∝
(√
uF
)2ζ+d−s
Rd
sin
(
2R
√
uF√
vp
)
.
(25)
Beside modifying the decaying rate, the Fermi energy would
generate another two changes: (1) the amplitude of the spin
average is modified by the extra coefficient uζ
F
(
√
uF
2ζ+d−s);
(2) spatial oscillations sin
(
2RuF
vl
)
and sin
(
2R
√
uF√
vp
)
are exhib-
ited with impurities deposited in the relativistic and non-
relativistic axes. The results of Dl and Dp shown in Eq. (25)
could explain the RKKY interaction of finite Fermi energy in
Table I except the component Jl of 2D S-DSM, whose slowly
decaying RKKY interaction 1/Rd−s/2 vanishes and the higher-
order term plays a leading role, given by
Jl (R, uF , 0) ∝
u
ζ−1
F
Rd+1−s/2
sin
(
2RuF
vl
)
. (26)
For impurities deposited along other directions, the decay
of the RKKY interaction can be analyzed qualitatively. As
discussed previously, the RKKY interaction would be mod-
ified by the anisotropy of semi-Dirac dispersion with two
mechanisms: (1) the decay of Jl would be slowed down by
the prolonged decaying rate of the carrier propagator and the
modified DOS with smaller power ζ, as shown in Eq. (21);
(2) the decay of Jp would be accelerated by the modification
to the energy ω of the carrier propagator [Eq. (24)]. Obvi-
ously, the above two mechanisms have the opposite effect on
the decaying behavior of the RKKY interaction. When impu-
rities are not deposited on the relativistic and non-relativistic
axes, the two mechanisms would operate at the same time and
diminish each other to generate the RKKY interaction with an
intermediate decaying behavior, which decays more fast than
Jl while more slowly than Jp.
B. RKKY interaction in S-DSMs with spin-momentum locking
In this subsection, we focus on the case with spin-
momentum locking, i.e., the Pauli matrices τi (τi → σi) in
Eqs. (7) and (9) act on spin space. By summing over the spin
degrees of freedom in Eq. (14), the RKKY components can
be written in the following form
HRKKY =
∑
i=x,y,z
[
JiS i1S
i
2 + J
i,DM (S1 × S2)i
]
. (27)
In the above equation, we drop the frustrated term J f r(S i1S
j
2 +
S
j
1S
i
2) since it vanishes when impurities are deposited along
ki-axis (i = x, y, z).
The detailed spin textures for the RKKY interaction of S-
DSMs, as well as DSMs, are shown in Table II. For impurities
deposited on the relativistic axis, it is found that the RKKY
components Ji
l
exhibit a strong anisotropy with Jx
l
, J
y
l
, Jz
l
,
which generates the XYZ spin model for all S-DSMs and dis-
tinguishes itself from the XXY (Jx
l
= J
y
l
, Jz
l
) spin model
of DSMs. The underlying physics of the strong anisotropic
RKKY components of S-DSMs is a result of parabolic disper-
sion in non-relativistic axis. Take 2D S-DSM as an example,
the RKKY components Ji
l
contributed by the Green’s function
Gl,2D [Eq. (16)] are given by
Jxl = −
2λ2
pi
Im
∫ uF
−∞
(
L21/4 + L
2
3/4 + L
2
x
)
dω,
J
y
l
= −2λ
2
pi
Im
∫ uF
−∞
(
L21/4 + L
2
3/4 − L2x
)
dω,
Jz
l
= −2λ
2
pi
Im
∫ uF
−∞
(
L21/4 − L23/4 − L2x
)
dω.
(28)
Note that, the term L2x in J
i
l
is contributed by vpk2xσx in the
Hamiltonian of Eq. (7). If substituting k2x with linear mo-
mentum kx, the value of L2x would decrease to zero. Then,
the XYZ spin model of the RKKY interaction is changed
to be XXY model. In other words, the nonzero L2x induced
by the parabolic dispersion of non-relativistic axis would en-
7hance the anisotropy of the RKKY interaction. Differently,
for impurities deposited on the non-relativistic axis (kx-axis),
the RKKY components Jip are given by
Jxp = −
2λ2
pi
Im
∫ uF
−∞
(
P20 + P
2
x
)
dω,
J
y,z
p = −
2λ2
pi
Im
∫ uF
−∞
(
P20 − P2x
)
dω,
(29)
which is similar to the case (XXY) of DSM. The reason is
that, as impurities are deposited on kx-axis wether in 2D S-
DSM or in 2DDSM, only the dispersion of kx-axis works (i.e.,
Px is generated) and the linear-dispersion of ky-axis has no
contribution to the RKKY interaction since the integrand of
Eq. (15) is an odd function of ky.
For the DM term, there exists a significant difference be-
tween S-DSMs and DSMs as impurities are deposited on the
non-relativistic axis. As shown in Table II, JDMp vanishes in
S-DSMs while a non-zero DM term appears in DSMs. This
difference is also attributed to the parabolic dispersion of non-
relativistic axis [e.g., vpk2x in Eq. (7)], which protects the in-
version symmetry of the Green’s function, i.e., Gp,2D (R, ω) =
Gp,2D (−R, ω) [Eq. (16)]. Differently, for impurities situated
in the relativistic axis, the parabolic dispersion vpk2x does not
work and a non-zero DM term would be generated by the bro-
ken inversion symmetry Gl (R, ω) , Gl (−R, ω) [Eq. (16)],
similar to the case of DSMs. As a whole, one can turn on (off)
the DM term by moving magnetic impurities to the relativis-
tic (non-relativistic) axis, which can not be realized in DSMs,
e.g., the surface of the topological insulators35. Note that, the
direction of the DM term Ji,DM (S1 × S2)i is determined by
the Pauli matrix τi, which breaks the inversion symmetry and
leads toG (R, ω) , G (−R, ω). For example, Jz,DMp is obtained
for 2D S-DSMs due to the Pauli matrix τz in the Green’s func-
tion of Eq. (16).
V. SUMMARY
We have theoretically explored the RKKY interaction be-
tween magnetic impurities in 2D S-DSM and two types of 3D
S-DSMs. It is found that the RKKY interaction of S-DSMs is
highly anisotropic and violates the decaying law proposed in
isotropic systems with purely linear dispersion. For impurities
deposited in the relativistic axis, the interaction decays much
more slowly than that of isotropic systems, while a faster de-
caying behavior appears with impurities situated in the non-
relativistic axis. The former is induced by the prolonged de-
caying rate of the carrier propagator and the modified DOS
with a small power, while the latter is caused by the modifi-
cation to the energy of the carrier propagator. The both are
attributed to the anisotropy of the semi-Dirac dispersion. We
have further discussed the case with spin-momentum locking.
Some phenomena (not exist in DSMs) are revealed, including
the strong magnetic anisotropy with XYZ spin model, and the
creation (annihilation) of DM terms with impurities deposited
on the relativistic (non-relativistic) axis. All these peculiar
magnetic characteristics provide new insights to understand
the anisotropic nature of semi-Dirac dispersion.
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